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boundary-element method (BEM) is based on BIE. However,
they thought that the BIE was a common numerical technique
already established and confirmed generally in this field, so that
they did not refer to it individually.

In the original paper, the authors aimed to emphasize the
facility of the application of the BEM, which is an “element
method” and whose discretizing technique is like that of the
finite-element method (FEM). These facts cause the BEM to
become a very powerful numerical method. It is very easy to
perform programming for computers. In addition, it adopts sim-
ple and general expressions (for example, the equation having a
general variable-a single scalar potential), so that the formulation
is performed about the scalar Helmholtz’s equation, and when
actual problems are treated, a proper boundary condition is
imposed on the above potential. Moreover, the same program can
be used for different cases (for example, for the case of sound
problems). Its govering equation is also the scalor Helmholtz’s
equation, but its boundary condition is different from that of the
electromagnetic field problem.

Finally, the authors would like to thank Dr. N. Morita for his
remarks and for providing [10], [20], and [21].
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Comments on “Limitations of the Cubical Block
Model of Man in Calculating SAR Distributions”

MARK J. HAGMANN, MEMBER, IEEE

The above paper' raised some serious questions regarding the
accuracy of three-dimensional block model solutions obtained
using a pulse-function basis. While I am in qualitative agreement
with about half of the numerical results presented in the paper, I
most strongly disagree with most of the interpretations which the
authors have made using those results. It is my belief that it is
possible to obtain high accuracy with block model solutions if
sufficient care is used in their implementation. I have chosen to
use a pulse-function basis with block models of man since this
appears to allow the model to have much greater detail than is
possible with more elaborate bases.

The paper incorrectly stated that I have given “an upper limit
on the dimensions of cells for the required accuracy” and inferred
that such a limit was satisfied in their solutions. In earlier work
with one of the authors (Durney), it was shown that the size of
each cell must not be much greater than the reciprocal of the
magnitude of the complex propagation vector, but this was
presented as a condition that is necessary but not sufficient for
convergence [2]. Pulse functions are only appropriate if the
electric field is slowly varying over the volume of each cell. The
electric field will have sizable variation within some objects even
in static solutions. One case in point is the dielectric cube which
the authors unfortunately chose to use as an example.

The solution for a 27-cell block model of a dielectric cube, as
presented in the article, is very far from convergence. While an
exact solution is not available for the dielectric cube, it is gener-
ally known that the electric field is highly heterogeneous near the
corners and edges. While I have not obtained a solution for a
cube having the exact parameters used by the authors, the results
of earlier studies [3], [4], as well as recent work using as many as
2744 cells, suggests that the fields near corners and edges are
sufficiently intense that the true average SAR would be several
times greater than that calculated for a 27-cell block model. I am
not surprised that subdividing the cell at the center of the cube
had little effect since it is well known that at low frequencies the
electric field at the center of a cube is the same as that at the
center of a sphere, and the solution for a small number of cells is
more like that for a sphere than a cube. I am also not surprised
that subdividing a cell at a corner or edge of the cube caused a
significant change in the SAR since these are regions where the
27-cell solution has the greatest error.
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Two different formulations have been used with block models
of man. One was developed by Chen [5] and the other was
developed by Hagmann [6], who made high-frequency corrections
of a routine written earlier by Hohmann for use in geophysical
prospecting [7]. The second procedure will be referred to as the
high-frequency Hohmann (HFH). Both use a pulse-function basis
with point matching but they differ in the methods used for
approximation of the integrals required for evaluation of the
matrix elements. Hohmann transformed the charge portion of the
integrals to surface integrals. The resulting expressions are inte-
grable without requiring principal-value corrections. Chen did
not make this transformation and thus was forced to use prin-
cipal-value corrections in evaluation of the singular self terms.
The approximations made in evaluation of the terms for cell-to-
cell coupling were much less severe in the HFH formulation than
those used by Chen.

The extended boundary condition method (EBCM) has re-
cently been modified so that accurate solutions may be obtained
for a prolate spheroidal model of man at frequencies above
resonance [8]. I have chosen to use this model as a standard for
testing block model solutions since it is the most man-like model
for which an exact solution is known and, therefore, falls most
directly within my charge at the National Institutes of Health.
One of the authors of {1] (Iskander), who was also one of the
developers of the extension of the EBCM, has provided me with
the average SAR for a prolate spheroidal model of man at 100
and 225 MHz with E (vertical) polarization. Tests of the HFH
formulation using block models with as many as 3048 cells gave
values of average SAR within about 6 percent of those obtained
using the modified EBCM. Comparisons using local SAR values
as well as other polarizations await the supply of requested
additional EBCM solutions.

When the Chen formulation was used with the prolate
spheroidal model of man, the errors in average SAR were signifi-
cantly greater than those obtained using the HFH formulation.
These increased errors were found to be caused by inaccuracies in
the matrix elements. Subsequently, numerical quadrature was
used to assure accurate evaluation of the matrix elements, and
there was good agreement with the HFH formulation. In [1], it is
stated that the Chen formulation has been tested using a block
model of a lossy dielectric sphere. In those tests, the computed
values of the local electric-field intensity were in good agreement
with the exact solution only for the case of extremely low
dielectric contrast (e, =1.016— ;0.2809) [9]. Tests of the Chen
formulation using dielectric properties more appropriate for bio-
logical objects were not successful [10].

Massoudi et al. [1] stated that solutions obtained using a
pulse-function basis cannot satisfy boundary conditions at the
cell surfaces. They implied that such problems are more serious
for inhomogeneous models. The use of a pulse-function basis is
certainly an approximation, and the degree to which the boundary
conditions are approximated is different for various solutions. In
the block model solutions obtained using the HFH formulation
with large numbers of cells for a prolate spheroidal model of
man, there was typically only about 2-percent variation in the
electric-field intensity between adjacent cells. Such a small cell-
to-cell variation lends confidence in the use of the pulse-function
basis and also constitutes a reasonably good approximation of
boundary conditions. In the case of inhomogeneous models, there
is an apparent problem if the electric-field intensity is approxi-
mately the same in two adjacent cells, and if the cells have
different dielectric properties, then there must be a jump in the
value of the electric flux density normal to the boundary. This
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problem is resolved when it is recognized that the matrix ele-
ments, which are obtained from the electric-field integral equa-
tion (EFIE), allow not only for a constant polarization current
density within each cell but also for a possible charge density at
each cell surface. The surface integral of the charge term in the
HFH formulation represents the effects of that surface charge
density. It is easily shown that this charge density is the value
required to satisfy the jump in electric flux density if the cells
have different dielectric properties. The point is that boundary
conditions are built into the EFIE, and the accuracy of their
approximation increases as one approaches a converged solution
for either homogeneous or inhomogeneous block models.

It is essential that the array of cubes used in discretization be a
best-fit of the object to be modeled. Increasing the number of
cells in a model by subdividing the existing cells and retaining the
same outer boundary may fail to increase the accuracy of a block
model solution. This is particularly true if the subdivision em-
phasizes corners and edges not present in the object being mod-
eled. In the tests made for comparison with the modified EBCM,

. much care was taken to obtain a best-fit of the prolate spheroid

in each discretization. A “bad” 2368-cell model was made for
comparison by keeping the outer boundary of a 296-cell model
and dividing each cube into 8. The average SAR obtained using
the HFH formulation with the “bad” model at a frequency of
100 MHz had an error that was greater than that for the 296-cell
model and about twice that for “good” models having numbers
of cells comparable with 2368.

It is easily shown that the average SAR calculated using one
cell as a block model is appropriate for a sphere at low frequen-
cies and not for a cube. Similarly, the solution for a column of
single cells corresponds to a circular cylinder rather than a
rectangular solid. This is because many cells would be required in
order to allow for the variation of the electric-field intensity near
corners and edges. It is for this reason that I infer that the
solution for a block model of man is more representative of man
than it would be of a figure having the corners and edges which
are apparent in the model. It is not surprising that Massoudi ez
al. [1] found that the local SAR changed when cells at corners
and edges of their block model of man were subdivided. They
were simply working toward the solution for a model having
corners and edges and away from that for man. Similar calcula-
tions have been made by others [11], [12]. T would have antic-
ipated that the values obtained by this subdivision in [1] would
have been much greater than those which were reported, and I
suspect that this difference is due to their use of the Chen
formulation.

Reply” by Habib Massoudi, Carl H. Durney, and Magdy F.
Iskander?

If we interpret Dr. Hagmann’s comments correctly, the sub-
stance of his remarks (along with our reply) is as follows.

1) He believes that it is possible to obtain high accuracy with
block model solutions if sufficient care is used, and pulse-basis
functions appear to allow much greater detail in a model than
more elaborate basis functions.

Our reply: We believe that pulse-basis functions, because of
their simplicity, are the obvious choice wherever they can provide
satisfactory results. However, we have not been able to obtain
satisfactory accuracy in calculating internal electric-field distribu-
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tions using these types of basis functions. If there is a way to
obtain suitable accuracy, we would certainly like to see data that
demonstrates it. In other words, none of the results that were
published by Dr. Hagmann or others who used the pulse-basis
function have demonstrated acceptable accuracy in calculating
the electric-field distributions within the man model.

2) Dr. Hagmann claims that we incorrectly stated that he has
given “an upper limit on the dimensions of cells for the required
accuracy,” and we inferred that such a limit was satisfied in our
solutions.

Our reply: The sentence in [1] to which Dr. Hagmann refers is
vague, since “these authors” could be taken to refer to any or all
of the authors of the three papers to which we referred [2], [5), [9]
in the previous two sentences. Our point in [1] is that the
calculated internal field values were not sufficiently accurate even
though the cells were smaller than upper limits stated by several
authors [2], [5], [9]. Specifically, we made our mathematical cells
much smaller than XA, ,, (A, is the free-space wavelength) and
also smaller than the reciprocal of the magnitude of the complex
propagation vector which is suggested by Hagmann et al. [2]. We
said nothing about how accurate and mathematically valid these
criteria are. To obtain the best possible results from the cubical
block model using pulse-basis functions, we simply tried to
follow the guidelines regarding the cell size which were published
by Hagmann et al. {2] and Livesay and Chen [5].

3) According to Dr. Hagmann, our choice of the dielectric cube
as an example was unfortunate because pulse functions work
only when the fields are slowly varying in each cell, which is not
true for the 27-cell model that we chose. Subdividing a corner cell
is expected to cause significant error in the SAR because that is
where the 27-cell solution has the greatest error. The solution for
a block model of man is more representative of an actual man
than it would be of a figure having the corners and edges that are
apparent in the model.

Our reply: We chose the dielectric cube because it is a good
example for showing why pulse functions are not adequate in
many cases for calculating internal electric-field distributions. As
we pointed out in [1], the rapid spatial variation of the fields near
corners and, in general, at dielectric discontinuities appears to be
the main reason why pulse-basis functions are inadequate. Fur-
thermore, the data in [1] for block models of standing and sitting
humans show that the same problems that exist in the dielectric
cube also exist in typical block models of humans, which was
where we first encountered the problem. These results indicate
that the SAR distribution data calculated using pulse-basis func-
tions in 114-cell [1] and 180-cell [6] block models may not be very
accurate. Dr. Hagmann’s claim that “the solution for a block
model of man is more representative of an actual man than it
would be of a figure having the corners and edges which are
apparent in the model” does not seem to help justify the inaccu-
rate field distributions obtained when the more rounded dielec-
tric sphere was modeled. If the choice of the dielectric cube was
unfortunate, how can one justify the inaccurate results for the
spherical model in [9] and [10] of Dr. Hagmann’s comments? The
problem involves more than just modeling, as will be clarified in
the remaining part of our comments.

4) He believes that the HFH method is better than the Chen
formation because it includes a transformation of volume in-
tegrals to surface integrals, which do not require principal-value
corrections in the evaluation of the singular self terms. Calcula-
tion of average SAR in prolate spheroids using the HFH method
with as many as 3048 cells gave values within about 6 percent of
those obtained from the IEBCM.
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Our reply: Dr. Hagmann’s comparison of his recent results
with the average SAR values obtained using the IEBCM is
irrelevant to the point we were trying to make regarding the
inaccurate field distributions obtained in the cubical block mod-
els. As indicated in the title of our paper [1], we are basically
concerned with the limitations of the cubical block model of man
in calculating SAR distributions. If the HFH method was used in
calculating SAR’s in the 180-cell block model at 10 MHz [5], [6],
it does not appear to avoid the problems discussed above, since
the ratio of SAR’s in adjacent cells is as high as eight to one. In
work that we have completed [13] since [1] was published, we
have found that the free-space Green’s function integral equation
(FGIE), stated as (1) in [1], gives more accurate values of internal
electric-field distribution in models of dielectric spheres using
pulse-basis functions than the dyadic Green’s function integral
equation (DGIE) used in both the Chen formation and the
Hagmann formulation [4]. Although we have not proved this, we
believe that there are two reasons for the better results. First, the
FGIE is less singular than the DGIE, and second, the FGIE
contains a term that explicitly corresponds to the source surface
charge density, while the DGIE does not, although it certainly
includes the effect of this surface change density implicitly, Our
data lead us to believe that the accuracy of internal field calcula-
tions depends significantly on the description of the surface
charge density. On the basis of our understanding and experi-
ence, we do not believe that the HFH will provide satisfactory
accuracy for internal field distributions in a 180-cell model of
man. The fact that the average SAR calculations in prolate
spheroidal models is accurate within about 6 percent does not
indicate that the SAR distributions will be accurate enough, since
the data in [1] indicate that the local SAR values can change
significantly while the average SAR changes but little

5) Dr. Hagmann poiats out that even though pulse functions
cannot satisfy the boundary conditions at the cell walls exactly,
they can satisfy them approximately, especially if there is little
variation in the electric-field intensity between adjacent cells. In
inhomogeneous models, there must be a jump in the electric flux
density normal to the boundary between two cells of different
permittivity, which is an apparent problem that is resolved when
it is recognized that the boundary conditions are built into the
electric-field integral equation.

Our reply: We agree that the boundary conditions are built
into the electric-field integral equation, and the boundary condi-
tions are satisfied in some approximate way by pulse functions.
However, if adjacent cells in an inhomogeneous model have
different permittivities, the boundary conditions could require the
pulse functions on one face of the cube to be one value, and on
another face of the cube to be quite another value. Since a pulse
function has only one value in a cell, the boundary conditions at
both surfaces could not be satisfied well at all, even in an
approximate sense. Even when a large number of cells is used, the
boundary conditions at interfaces between adjacent cells of dif-
ferent permittivities would not be satisfied very well by pulse
functions. We believe that the boundary conditions are very
important to the accuracy of the solution because of the surface
charge density induced at a discontinuity in permittivity. As we
mentioned above, our results lead us to believe that the accuracy
of the numerical solution of the integral equation depends strongly
on the adequacy with which the surface charge density is
accounted for in the numerical solution. If this is true, then the
limitation of the pulse functions in satisfying boundary condi-
tions, and therefore in describing surface charge density at per-
mittivity discontinuities, may be the main reason for numerical
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inaccuracies. We would like to emphasize that some groups have
already realized these basic limitations of the pulse-basis func-
tions and particularly their inappropriateness 1n satisfying the
boundary conditions between cells. It is these limitations that
lead these research groups to utilize more sophisticated basis
functions such as the roof-top function [14] and the linear basis
functions [13]. We believe that these functions allow better
description of the fields within each cell and help to satisfy the
boundary conditions between cells. This, together with better
modeling of the geometry of the object (e.g., by replacing the
cubical cells by polyhedral cells, as we recommended in [1]),
should significantly improve the SAR distributions calculated by
the method of moments.

In summary, we believe that the data presented in [1] indicate
that there are serious questions about the convergence of solu-
tions obtained from the use of pulse-basis functions in the
moment-method solution of the electric-field integral equation
for the internal field distribution. The reasons for these deficien-
cies have not been rigorously proven, but we have proposed some
explanations based on our understanding and experience. We
believe that it is generally accepted by those working in numeri-
cal electromagnetics that the use of pulse-basis functions can give
satisfactory results for the average SAR, but not for the internal
field distribution. Whether or not satisfactory results for internal
field distribution can be obtained by using pulse functions and a
very large number of cubical cells remains to be demonstrated,
but in most numerical calculations, there is a point at which the
accuracy begins to decrease as the size of the cells is made
smaller.

Each of the various numerical electromagnetic techniques in
common use has its advantages and disadvantages, and must be
used with care for any given application to ensure that it provides
useful results. The use of pulse-basis functions in cubical cells in
the moment-method solution is no exception, and it may turn out
that when the results are compared in terms of matrix size, the
use of more complicated basis functions, such as linear basis
functions, may provide better accuracy in calculating internal
field distributions. However, it does turn out, it seems clear, that
reasonably accurate calculation of internal field distributions by
the moment method will be expensive because either the use of a
large number of cells or the use of more complex basis functions
than pulse functions will be required, both of which entail very
large matrices.
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Correction to “Interaction of the Near-Zone Fields of
a Slot on a Conducting Sphere with a Spherical
Model of Man”

SHI-GUO ZHU anp K M. CHEN

In the above paper,! we have assumed that on the surface of
the conducting sphere, the electric field exists only on the slot
aperture and zero field elsewhere. This assumption is unrealistic.
For a realistic conducting sphere, the slot field can excite a
normal component of the electric field on the spherical surface,
implying the existence of induced surface charge. With this
modified assumption, (6) of the above paper should be modified
as follows:

EO(a,8,6)=Y % [A:,f(,)l’]\?,ﬁ,,(a’a"b)

n=0m=—n

+ Br:z(r(z))ﬁrgn(a’ 0’ ¢)]

— 02506 6,)/(4)

+7 Y Y BO[N:(a.8,8)], (6)

n=0m=—n

where

for —ag<d<a

() = { cos(mp/2a),

0, clsewhere.

As a result, the coefficients 479 and B’ of (7) and (8) are

mn mn
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